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A graph G is k-critical if it has chromatic number k but every proper subgraph
of G has a (k&1)-coloring. We prove the following result. If G is a k-critical graph
of order n>k3, then G contains fewer than n&3k5+2 complete subgraphs of
order k&1.  1997 Academic Press
1. INTRODUCTION
A graph G is k-critical if it has chromatic number k but every proper
subgraph of G has a (k&1)-coloring. Gallai asked whether each k-critical
graph of order n contains at most n complete subgraphs of order k&1.
This was proved by Stiebitz [4] for k=4, and by Abbott and Zhou [1]
for k5.
For any graph G, let tk&1(G) denote the number of complete (k&1)-
subgraphs of G. Abbott and Zhou [1] posed the following problem that
we state here as a conjecture.
Conjecture 1 (Abbott and Zhou). For any k-critical graph G of order
n>k4, tk&1(G)n&k+3.
A complete graph with d vertices and a cycle with l vertices are denoted
by Kd and Cl , respectively. The graph obtained from disjoint copies of Cl
and Kd by joining each vertex of Cl to each vertex of Kd is denoted W(l, d ).
Abbott and Zhou [1] proved Conjecture 1 in the case k=4. They also
observed that, if true, the conjecture would be sharp when n&k+3 is odd
because the graph W(n&k+3, k&3) is k-critical and has n&k+3 com-
plete (k&1)-subgraphs. Su [5] proved Conjecture 1 when k7; in fact, Su
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Conjecture 2 (Su). A k-critical graph G of order n>k has an edge that
is contained in at most one complete (k&1)-subgraph.
Su [6] proved that Conjecture 2 implies Conjecture 1. This implication
also follows from Lemma 7 below. In Section 2 we will prove the following
theorem.
Theorem 3. If G is a k-critical graph of order n>k3, then
tk&1(G)<n&3k5+2.
The algebraic features of our proof of Theorem 3 have their origins in the
paper of Stiebitz [4]. The questions of Gallai and of Abbott and Zhou
were treated in Problem 5.9 of the book by Jensen and Toft [2].
2. THE THEOREM
To prove Theorem 3 we make use of several results.
Lemma 4 (Stiebitz). If G is a k-critical graph (k4) containing a
W(l, k&3) as a subgraph, then G$W(l, k&3) and l is an odd integer.
Theorem 5 (Abbott and Zhou). If k4 and G is a k-critical graph of
order n, then tk&1(G)n with equality only if k=n and G$Kn .
The following technical lemma appears in the paper by Abbott and Zhou
[1]. For our purposes it suffices to note that Abbott and Zhou proved
that, in a graph satisfying all of the hypotheses of the lemma below, the
(k&1)-clique vertex incidence vectors are linearly independent over Z2 .
Lemma 6 (Abbott and Zhou). Let k3 and let G be a graph with no
isolated vertices. Suppose that
(i) each edge of G is an edge of some Kk&1 ,
(ii) G does not contain W(l, k&3), for any l3,
(iii) for each edge ab of G, the graph G&ab has a (k&1)-coloring in
which a and b have the same color, then:
(A) there is a vertex v of G such that the number of (k&1)-cliques
containing v is odd,
(B) the number t of (k&1)-cliques of G satisfies tn&1, where n
is the order of G.
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Although the following lemma was proven before we knew of Su’s work,
we should mention that Su proved the special cases when d=0 and d=1
first (see Theorem 2 of [6]).
Lemma 7. Let G be a k-critical graph on n vertices. If there is an edge
e # E(G) that is contained in exactly d complete subgraphs on k&1 vertices,
then tk&1(G)n&(k&2&d ).
Proof. It is easy to see that the statement is true for complete graphs
and wheels. Therefore, we may assume that G$3 Kk and G$3 W(l, k&3)
(l odd). Because G$3 W(l, k&3) (l odd), G does not contain W(l, k&3),
for any l3 by Lemma 4.
Let G1 , G2 , ..., Gt be the (k&1)-cliques contained in G, set G = ti=1 Gi ,
and let V(G )=[v1 , v2 , ..., vn]. For i=1, 2, ..., t, define a vector x i=
(xi1 , xi2 , ..., xin) where
xij={10
if vj # V(G i)
otherwise
Let W denote the n-dimensional vector space over Z2 , and let J denote
the subspace spanned by X=[x 1 , x 2 , ..., x t]. The graph G satisfies the
hypothesis of Lemma 6 and the proof of this lemma given by Abbott and
Zhou [1] shows that X is a linearly independent set of vectors over Z2 ;
hence tn. We shall prove that dim(J=)k&2&d, thus proving the
lemma.
Assume first that d1. There is a (k&1)-coloring, call it ,, of G &e
using the colors 1, 2, ..., k&1 in which the ends of e are assigned the same
color, say color 1. For each of the (k&1)-cliques containing e, there is
exactly one color that does not occur at any of its vertices. This implies
that there are at least k&2&d colors in [2, 3, ..., k&1] that occur in every
(k&1)-clique of G . Without loss of generality, the colors 2, 3, ..., k&1&d
occur in every (k&1)-clique of G . Because G$3 Kk , Theorem 5 implies that
dim(J=)1, so we may assume k&2&d2; that is, we may assume
dk&4. Let Vi denote the set of vertices in G colored i by ,.
Case 1: k is odd. Let y 0=(1, 1, ..., 1) # W and, for 3lk&1&d,
define vectors y l=( yl1 , yl2 , ..., yln) where
yls={01
if vs # V2 or vs # Vl
otherwise
It is easy to verify that ( y 0 , x ) =0, for x # X. One has ylsxis=1 if and only
if vs # V(Gi) and ,(vs)  [2, l], and there are k&3 values of s for which this
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is so. Since k is odd, ( y l , x i)=s ylsxis=0. Thus ( y l , x )=0, for all x # X
and all l=3, ..., k&1&d. Hence y 0 , y 3 , y 4 , ..., y k&1&d are all in J=.
We claim that Y=[ y 0 , y 3 , y 4 , ..., y k&1&d] is a linearly independent set.
To prove this, assume to the contrary, that Y contains a smallest linearly
dependent subset S=[ y q1 , y q2 , ..., y qp]. Because y 0 contains a 1 in posi-
tions corresponding to vertices in V2 , and all of the vectors y 3 ,
y 4 , ..., y k&1&d have a 0 in these positions, we conclude that y 0  S. By the
definition of S,
y q1= y q2+ y q3+ } } } + y qp .
Since y q1 contains a 0 entry in positions corresponding to vertices in Vq1 ,
and all of the other vectors in Y have a 1 entry in these positions, we see
that p&1 is even. This implies that y q1 contains a 0 entry in the coordinates
corresponding to vertices in V1 , since all of the vectors y q2 , y q3 , ..., y qp con-
tain a 1 in these positions. This contradicts the definition of y q1 which
places 1’s in these coordinates.
Case 2: k is even. For 2lk&1&d, define vectors y l=
( yl1 , yl2 , ..., yln) where
yls={01
if vs # Vl
otherwise
Clearly ( y l , x )=0, for x # X and all l=2, ..., k&1&d. Hence y 2 , y 3 , ...,
y k&1&d are all in J=. Reasoning as in Case 1, one can show that [ y 2 ,
y 3 , ..., y k&1&d] is a linearly independent set.
For the case d=0 see Theorem 2 of [6]. K
The chromatic number, clique number, independence number, and clique
covering number of a graph G are denoted by /(G), |(G), :(G), and %(G),
respectively. The neighborhood of the vertex v is N(v)=[u # V(G) :
uv # E(G)]. A star vertex is a vertex adjacent to all other vertices.
Lemma 8. Let r2 be an integer. If a graph H satisfies all of the following
(i) :(H)=2,
(ii) /(H)=|(H)=r,
(iii) each edge is contained in an r-clique,
(iv) each vertex is contained in at least two r-cliques, and
(v) %(H)=2,
then there exists an edge e=xy such that any r-coloring of H&e assigns dif-
ferent colors to x and y.
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Proof. We argue by contradiction. Suppose that r2 is the least
positive integer for which the lemma fails. The reader may easily verify the
r=2 case, so we may assume that r>2. Let H be a counterexample with
/(H)=|(H)=r.
Step 1: H has no star vertex. If there is a vertex v that is joined to
all other vertices, then H$=H&v is an example of a graph that satisfies the
hypothesis of the lemma for r&1. There must be an edge e=xy of H$ such
that any (r&1)-coloring of H$&e assigns different colors to x and y. But
then any r-coloring of H has the same effect. Thus we may assume that H
has no star vertex.
Step 2: H has exactly 2r vertices. Consider any r-coloring of H. The
color classes of this coloring have at most two vertices. If some color class
consists of a single vertex, then this vertex must be a star vertex because
every r-clique must contain a vertex from every color class. Hence there are
no singleton color classes, so H has exactly 2r vertices.
Step 3: There are two disjoint r-cliques, say A and B. Because
%(H)=2 there are two cliques that cover all vertices. Now there are 2r
vertices and |(H)=r. The claim follows.
Step 4: Any edge e=ab, with a # A, b # B satisfies :(H&e)=2. If
:(H&e)=3, then [a, b, z] is an independent set for some z{a, b; but this
cannot occur by Step 3.
Step 5: Any edge e satisfying :(H&e)=2 intersects every r-clique.
Suppose to the contrary that an edge e=xy satisfying :(H&e)=2 is dis-
joint from some r-clique Q of H. Now consider an arbitrary r-coloring of
H&e. All of the vertices of Q must receive different colors, and all of the
colors appear in Q. If x and y are assigned the same color, then there is a
vertex z # Q that is assigned the same color as x and y. In this case,
[x, y, z] is an independent set of vertices in H&e, contradicting that
:(H&e)=2. Hence any r-coloring of H&e assigns different colors to x
and y, contradicting that H is a counterexample.
Set A=[a1 , a2 , ..., ar] and B=[b1 , b2 , ..., br]. Choose an r-coloring c of
H with the following properties (relabeling elements of A and B, if
necessary):
1. c(ai)=c(bi), for i=1, ..., r,
2. p :=|B&N(a1)||B&N(ai)|, for i=1, ..., r, and
3. [b1 , ..., bp] & N(a1)=<.
Note that this coloring defines the vertex a1 to be the vertex in A with
|B&N(a1)| as small as possible.
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Step 6: Any r-clique contains ai or bi , but not both. Clearly an r-clique
of H cannot contain both ai and bi since they are nonadjacent. If an
r-clique contains neither ai nor bi , then the pigeonhole principle guarantees
that the clique contains both vertices of some other color class, a contra-
diction.
Step 7: aibj # E implies ajbi  E. Suppose that ai bj # E and aj bi # E.
Now by property (iii), there is some r-clique Q that contains ai and bj . By
Step 6, aj  Q and bi  Q. However Step 4 guarantees that :(H&aj bi)=2
and Step 5 guarantees that aj bi intersects every r-clique. This contradicts
that aj  Q and bi  Q.
Step 8: aibj # E, for all 1i p, and p+1 jr. Suppose that
ai bj  E, for some 1i p, and p+1 jr. By Step 6, every r-clique con-
taining bj must contain bi . Since the edge a1bj is contained in some r-clique
Q by (iii), we see that Q must contain bi . However this contradicts that a1
and bi are nonadjacent.
Step 9: aj bi  E, for all 1i p, and p+1 jr. This follows from
Step 8 and Step 7.
To finish the proof, observe that property (iv) guarantees that b1 must
have a neighbor ak # A. By Step 9, 2k p. It follows from this and Step 8
that |B&N(ak)|<|B&N(a1)|, contradicting the definition of a1 . K
As an example, the reader may verify that the graph obtained from K2r
by removing the edges of a perfect matching is a graph satisfying the
hypothesis of Lemma 8.
A hole is an induced cycle of length >3. An antihole is the complement
of a hole.
Theorem 9. Fix k3. In any k-critical graph with more than k vertices,
there exists an edge that is in fewer than 2k5 cliques of size k&1.
Proof. The theorem is trivial when k=3. Assume k4. Let G be a
k-critical graph of order n>k4, and assume that G is a smallest coun-
terexample. Every edge in G must be contained in at least W2k5X of the
(k&1)-cliques of G. By Theorem 5, tk&1(G)<n. Let tk&1(v ; G) be the




tk&1(v ; G)=(k&1) tk&1(G)<(k&1) n.
Thus the pigeonhole principle guarantees that, for some vertex u of
G, tk&1(u ; G)k&2. Let H1 , H2 , ..., Hp be the (k&1)-cliques of G con-
taining u (note pk&2). Define H to be the subgraph of G induced by the
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edge-union of the graphs Hi&u. Every vertex of H is contained in at least
W2k5X2 of the (k&2)-cliques of H, and H has at most k&2 complete
subgraphs on k&2 vertices. If H contains a set of three independent ver-
tices, then none of the (k&2)-cliques of H contains two of them, so the
number of (k&2)-cliques of H is at least 3 (2k5)>k&2. Therefore, H
does not contain a set of three independent vertices; that is, :(H)2. If
:(H)=1, then H is a clique so H must be isomorphic to Kk&2 , since
pk&2. However this contradicts that every vertex is in at least two
(k&2)-cliques. Hence :(H)=2. Now, by construction, every edge of H is
contained in a (k&2)-clique of H. Furthermore, |(H)=k&2, and for any
edge e=xy of H, there is a k&2 coloring of H&e in which x and y are
assigned the same color. To show that /(H)=k&2, it suffices to prove the
subgraph of G induced by the closed neighborhood of u is (k&1)-
colorable. Let S=NG(u) _ [u]. Because G is k-critical, it is enough to
show that S{V(G). If S=V(G), then consider G$=G&u. Observe that G$
is (k&1)-critical. Because G is a minimum counterexample, it follows that
there is an edge e # E(G$) that is in at most 2(k&1)5 of the (k&2)-cliques
of G$. This implies that e is in at most 2(k&1)5 of the (k&1)-cliques of
G, a contradiction. Hence we may assume that /(H)=k&2.
Now H satisfies hypothesis (i)(iv) of Lemma 8 with r=k&2, but does
not satisfy the lemma’s conclusion. Hence we may assume that %(H)>2.
The only obstructions to having clique covering number two are odd
antiholes and independent sets of size three. Since :(H)=2, the graph H
must contain either an induced C5 or an odd antihole with at least seven
vertices.
Case 1: C5 Is an Induced Subgraph of H. Label the vertices of the
induced C5 as v1 , v2 , v3 , v4 , and v5 , so that consecutive indices correspond
to adjacent vertices. For i=1, ..., 5, let ni be the number of (k&2)-cliques
of H containing the vertex vi . Let m be the number of (k&2)-cliques of H
containing the edge v1 v2 . Now the number of distinct (k&2)-cliques of H
containing v1 and v2 , but not both, is n1+n2&m. The number of (k&2)-
cliques containing v1 , v2 , or v4 , but no two of these, is then n1+n2+
n4&m. Similarly, the number of (k&2)-cliques containing v3 , v5 , or the
edge v1v2 is n3+n5+m. Because H has at most k&2 cliques of size k&2,
we observe that n1+n2+n4&mk&2 and n3+n5+mk&2. Adding
these inequalities we find that
n1+n2+n3+n4+n52(k&2).
Because each ni2k5, we obtain a contradiction 5 (2k5)
n1+n2+n3+n4+n52(k&2).
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Case 2: C5 Is Not an Induced Subgraph of H. In this case, H contains
an odd antihole C2p+1 with p3. Suppose that [v0 , v1 , ..., v2p] are the ver-
tices of the odd antihole labeled in such a way that consecutive indices
(modulo 2p+1) correspond to nonadjacent vertices. A chord of the form
vi vi+3, for some i, is a ternary chord of the antihole. If a ternary chord
e=vi vi+3 satisfies :(H&e)=3, then it easy to see that H must have an
induced C5 , namely the graph induced by [vi , vi+1 , vi+2 , vi+3] plus the
vertex that is non-adjacent to vi and vi+3. So every ternary chord e satisfies
:(H&e)=2. Note that every edge e satisfying :(H&e)=2 must intersect
every (k&2)-clique of H; otherwise every (k&2)-coloring of H&e must
assign distinct colors to the endpoints of e, contradicting that G is
k-critical.
Now consider an arbitrary (k&2)-clique Q of H. Because the maximum
clique size of C2p+1 is p, the pigeonhole principle guarantees that there are
two consecutive vertices, say v3 and v4 , of the antihole that are not in Q.
The ternary chord v1v4 must intersect Q; hence v1 # Q. Similarly v6 # Q.
Now v1 , v6 # Q implies that v2 , v5  Q, contradicting that the ternary chord
v2v5 intersects Q. K
Using the results proven above, it is now straightforward to complete the
proof of Theorem 3.
Proof of Theorem 3. Apply Theorem 9 and Lemma 7. K
Su gave a proof of his conjecture (Conjecture 2) for k7. We should
mention that Theorem 9 can also be used to give a proof of Su’s conjecture
for k6.
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